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We improve and extend our study of the complex in-medium heavy quark potential and its Debye
mass mD in a gluonic medium with a finer scan around the deconfinement transition and newly
generated ensembles closer to the thermodynamic limit. On the lattices with larger physical volume,
Re[V] shows signs of screening, i.e. a finite mD, only in the deconfined phase, reminiscent of a genuine
phase transition. Consistently Im[V] exhibits nonzero values also only above TC . We compare the
behavior of Re[V] with the color singlet free-energies that have been used historically to extract
the Debye mass. An effective coupling constant is computed to assess the residual influence of the
confining part of the potential at T > 0. Our previous finding of a gradual screening of Re[V] around
TC on finer lattices is critically reassessed and interpreted to originate from finite volume artifacts.
We discuss that deficiency of the β = 7, ξb = 3.5 parameter set at Ns = 32, which had been in
deployed in the literature before.
I. INTRODUCTION
At zero temperature the potential between a static
quark-antiquark pair provides a powerful, yet intuitive
handle on the physics of the strong interactions. From
the inspection of this quantity we may already learn
about the two central hallmarks of quantum-chromo-
dynamics, i.e. asymptotic freedom and confinement.
Evaluations of the potential using non-perturbative lat-
tice QCD techniques have shown [1] that it contains a
Coulombic part at small distances, as well as a linearly
rising part at larger distances corresponding to manifes-
tations of these two phenomena respectively. In the pres-
ence of dynamical fermions, the linear rise will eventually
terminate and go over to a constant, as the spontaneous
creation of a light quark pair ruptures the color string
originally connecting the static test color charges. Even
details about the renormalization properties of QCD can
be inferred as e.g. the running of the coupling observable
at very small distances allows a clean connection with
weak coupling computations [2, 3].
While it has been postulated for a long time [4] that the
physics of static quarks in a thermal medium might also
be amenable to a simple description in terms of a non-
relativistic in-medium potential, it took the maturation
of effective field theory frameworks [5], such as NRQCD
and pNRQCD, to put this concept on a solid theoretical
footing. Previously a popular approach was to model the
potential [6, 7] by resorting to an identification with e.g.
the color singlet free energies F (1)
eβF
(1)(r) =
〈
Tr
[
Ω(r)Ω†(0)
]〉
CG
Ω(r) = exp
[
− ig
∫ β
0
dτAaµ(r, τ)T
a
]
, (1)
defined from the correlator of two appropriately pro-
jected Polyakov loops Ω. As different proposals for model
potentials were put forward, among them also the color
singlet internal energies, a long-lasting discussions en-
sued. These were only laid to rest after the ground-
breaking work of Laine et. al. [8], which showed through
a computation in resummed hard-thermal loop pertur-
bation theory that none of the purely-real model poten-
tials can represent the actual in-medium potential as it
must contain an imaginary part. The complex nature
of the potential is intimately connected with the realiza-
tion that it is an inherently Minkowski time quantity and
cannot directly be computed from Euclidean observables
accessible in e.g. lattice QCD.
Here we provide a state-of-the-art determination of the
in-medium potential in a gluonic medium using a recently
established strategy to extract its values from a spectral
decomposition of the thermal Wilson loop. In sec.II we
give a brief review of the definition of the in-medium po-
tential and the strategy of how to extract it from lattice
QCD simulations in Euclidean time. In addition we dis-
cuss the Gauss-law ansatz that has been developed to
analytically capture the in-medium modification of the
potential and relate it to a Debye mass mD. Section III
describes in detail our new results on the in-medium po-
tential in quenched QCD on coarse lattices closer to the
thermodynamic limit, while sec.IV critically reassesses
our previous results for the same quantity on finer lat-
tices, however with smaller box sizes. The paper con-
cludes with a summary and outlook in sec.V.
II. DEFINITION OF THE POTENTIAL AT T > 0
AND THE DEBYE MASS
We briefly review here the definition of the in-medium
static potential and its extraction from lattice QCD sim-
ulations, as well as our proposal for a gauge invariant
definition of a Debye screening mass mD.
The heavy quark potential arises in the language of
effective field theory (EFT) as Wilson coefficient [5] of a
non-relativistic framework for the description of heavy-
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2quark bound states called pNRQCD [10, 11]. In this
EFT the heavy quark two-body system is described in
terms of color singlet and octet wavefunctions that evolve
according to Schro¨dinger like equations. The matching
of the static color singlet sector between pNRQCD and
QCD amounts to identifying the correlator of the singlet
wavefunctions in the latter with a correlation function
of equal physical content in the latter, i.e. the thermal
Wilson loop in the m→∞ limit
〈
ψS(r, t)ψS(r, 0)
〉
pNRQCD
= D>(r, t)
m→∞≡ W(r, t) =
〈
Tr
(
exp
[
− ig
∫

dxµAaµT
a
])〉
QCD
.
It is known that the Wilson loop in general obeys the
following equation of motion [8]
i∂tW(r, t) = Φ(r, t)W(r, t), (2)
where Φ(r, t) denotes a time- and space dependent com-
plex function. If indeed a potential description of the
two-body QQ¯ system is applicable the function Φ will
asymptote towards a time independent quantity at late
times, which we identify with the potential as
V (r) = lim
t→∞
i∂tW (t, r)
W (t, r)
. (3)
This definition of the static potential is formulated in
real-time, which poses a difficulty to its evaluation us-
ing lattice QCD simulations that are conventionally per-
formed in Euclidean or imaginary time. As has been
proposed in [12, 13] we may use a spectral decomposition
to relate the Wilson loop in real-time with its Euclidean
counterpart, which can be simulated numerically
W(τ, r) =
∫
dωe−ωτρ(ω, r) ↔∫
dωe−iωtρ(ω, r) = W(t, r). (4)
In turn the values of the potential itself can be related to
the spectrum of Wilson loops
V (r) = lim
t→∞
∫
dω ωe−iωtρ(ω, r)/
∫
dω e−iωtρ(ω, r).
(5)
Extracting spectral information from lattice QCD how-
ever poses an ill-defined problem, as a continuous func-
tion needs to be estimated from a finite and noisy set
of simulation data. One strategy to give meaning to this
task is to deploy Bayesian inference that provides system-
atic means to incorporate additional prior information
available on the spectrum. Early attempts to reconstruct
the Wilson loop spectrum based on the popular Max-
imum Entropy Method [14, 15] encountered difficulties
due to e.g. the choice of search space in the state-of-the-
art implementation by Bryan. It actually required the
development of a novel Bayesian reconstruction prescrip-
tion [16] to achieve quantitatively robust reconstruction
results.
Even if the spectrum is reliably reconstructed the ne-
cessity to take the late time limit remains. The need
to actually carry out the Fourier transform can be cir-
cumvented by obtaining a better understanding of which
spectral structures actually encode relevant information
on the potential. Using the symmetries of the Wilson
loop it was shown [17] that if a potential description ex-
ists its spectrum must contain a well defined lowest ly-
ing peak of skewed-Lorentzian type, whose position and
width are directly related to the real- and imaginary part
of the potential respectively
ρ ∝ |ImV (r)|cos[Reσ∞(r)]− (ReV (r)− ω)sin[Reσ∞(r)]
ImV (r)2 + (ReV (r)− ω)2
(6)
+ c0(r) + c1(r)(ReV (r)− ω) + c2(r)(ReV (r)− ω)2 . . . .
I.e. after reconstructing the spectrum from lattice sim-
ulations we perform a fit of the lowest lying structure
with the above functional form to extract the values of
the in-medium potential.
In practice we do not consider the Wilson loop but
instead the correlator of Wilson lines, fixed to Coulomb
gauge, as the latter does not possess the cusp divergencies
that make the evaluation of the Wilson loop prohibitively
expensive on fine lattices. In turn the spectrum of the
Wilson line correlator is much more weakly populated
compared to the Wilson loop at high frequencies, both
improving the possibility of successful reconstruction of
the spectral peak related to the potential and diminishing
the influence of lattice spacing artifacts that affect the
UV regime.
To quantitatively describe the in-medium modification
of both Re[V] and Im[V] we propose to deploy an ap-
proach based on the generalized Gauss law derived in
ref. [18]. It is formulated using the auxiliary vector field
~E we may associate with the static singlet potential de-
rived above. At zero temperature it reads
~∇
(
~E
ra+1
)
= 4pi q δ(~r). (7)
To be more specific, in case of heavy quarkonium we as-
sume that the auxiliary (color) electric field ~E = qra−1rˆ
either arises from the Coulombic a = −1, q = α˜s, [α˜s] = 1
or the string-like part a = 1, q = σ, [σ] = GeV2 of the
3naive T = 0 Cornell potential. We thus have three vac-
uum parameters that enter at this point, the strong cou-
pling αS , the vacuum string tension σ and a possible
constant contribution c.
Our strategy to incorporate in-medium effects, detailed
in [19], relies on Fourier transforming the T = 0 expres-
sion and multiplying the right hand side with the complex
permittivity of a weakly coupled gas of light quarks and
gluons
ε−1(~p,mD) =
p2
p2 +m2D
− ipiT pm
2
D
(p2 +m2D)
2
. (8)
By this construction we attempt to separate the non-
perturbative effects related to confinement which appear
as linear contribution to the potential at T = 0 from
thermal effects that might be already well described by
resummed hard-thermal loops. For the Coulombic part
of the in-medium potential we recover the expressions of
Laine et. al. [8] with a Yukawa type screening in the real
part, as well as a finite imaginary part
Vc(r) = −α˜s
[
mD +
e−mDr
r
+ iTφ(mDr)
]
, (9)
where
φ(x) = 2
∫ ∞
0
dz
z
(z2 + 1)2
(
1− sin(xz)
xz
)
. (10)
The in-medium modification of the string-like potential
leads us to the expression
ReVs(r) = −
Γ[ 14 ]
2
3
4
√
pi
σ
µ
D− 12
(√
2µr
)
+
Γ[ 14 ]
2Γ[ 34 ]
σ
µ
(11)
for the real part, where the relevant quantity that governs
the strength of in-medium modification is µ4 = m2D
σ
αS
.
For the imaginary part we find
ImVs(r) = −iσm
2
DT
µ4
ψ(µr) = −iα˜sTψ(µr), (12)
where the term ψ arises from a Wronskian construction
ψ(x) = D−1/2(
√
2x)
∫ x
0
dyReD−1/2(i
√
2y)y2ϕ(ymD/µ)
+ReD−1/2(i
√
2x)
∫ ∞
x
dy D−1/2(
√
2y)y2ϕ(ymD/µ)
−D−1/2(0)
∫ ∞
0
dy D−1/2(
√
2y)y2ϕ(ymD/µ).
In the end we simply form the sum of the Coulombic and
string contribution to represent the full in-medium po-
tential V = Vc + Vs
1. The form of the solution of Re[V]
1 An approach in which the potential was directly modified with an
in-medium permittivity has been proposed in [20], where however
both a remnant long range component in Re[V] and a diverging
imaginary part was observed
bodes well for the application of this ansatz to temper-
atures around the phase transition, where HTL alone is
not reliable anymore. I.e. we can take the limit mD → 0
straight forwardly and recover the vacuum potential of
Cornell type. Note that all in-medium modification of
the potential is governed by a single temperature depen-
dent parameter mD. Apriori it is not clear whether this
simple construction will allow us to reproduce the val-
ues of the potential obtained on the lattice. In the fol-
lowing sections we will however see examples where the
Gauss-law ansatz succeeds very well in retracing Re[V].
Another important aspect of our approach is that, once
mD is fixed from a fit to Re[V] we can pre- or postdict
the corresponding values of Im[V], which serves as cross-
check, since spectral widths are much more difficult to
reconstruct with Bayesian methods than peak positions.
III. NEW RESULTS ON COARSER LATTICES
β = 6.1 AT L = 3.1FM
As in our previous study of quenched lattice QCD, we
resort here to a fixed-scale approach. I.e. temperature
is changed between ensembles by varying the number of
points in temporal direction, while keeping the lattice
spacing fixed. In turn we only need to simulate a single
low temperature reference from which e.g. the vacuum
parameters for the Gauss-law fits are determined. We
deploy the naive Wilson plaquette action with a combina-
tion of one standard multi-hit heat bath update together
with five overrelaxation steps, allowing for a relatively
long burn in period of 40000 such sweeps. Subsequently
a configuration is written out after 200 sweeps each.
For the new ensembles closer to the thermodynamic
limit we deploy a parameter set, for which the au-
thors of ref. [21] have carried out a high precision scale
setting. The anisotropic lattices with inverse coupling
β = 6.1 and bare anisotropy parameter ξb = 3.2108 ex-
hibit a physical lattice spacing of as = 0.097fm = 4aτ .
The naive estimates for the spatial cutoffs present on
these lattices correspond to ΛUV = 11.1GeV and ΛIR =
0.399GeV. With our choice of Ns = 32 points along
the spatial axes a physical length of L = 3.1fm ensues.
To scan the temperature range around the deconfine-
ment transition at T β=6.1C = 290MeV we selected eight
temporal axis extents Nτ = 20 − 36 corresponding to
T = 1.4− 0.78TC , as well as Nτ = 72 as a low tempera-
ture reference, compiled in Tab. I.
The Wilson line correlators, which underlie our extrac-
tion of the potential are measured after fixing to Coulomb
gauge with a tolerance of ∆GF = 10
−15. To lessen fi-
nite volume effects we measure their values both on-axis,
as well as off-axis only along the
√
2 and
√
3 diagonals.
The simulation data obtained is subjected to a Bayesian
spectral reconstruction based on the recently developed
BR method [16]. For it we choose a common discretiza-
tion of the numerical frequency interval of ωnum ∈ [−5, 5]
with Nω = 3600 points, while the Nτ input data are dis-
4Nτ 20 22 24 26 28 30 32 36 72
T [MeV] 406 369 338 312 290 271 254 226 113
T/TC 1.4 1.27 1.67 1.08 ≈ 1 0.93 0.88 0.78 0.39
Nmeas 2080 3250 1920 1950 1730 900 880 940 950
TABLE I. Quenched lattice ensembles at β = 6.1, ξb = 3.2108, Ns = 32 corresponding to a physical a = 0.097fm and L = 3.1fm.
tributed along a rescaled τ interval τnum = [0, βnum = 20].
We discard the first and last point in order to avoid con-
tamination of the spectrum from overlap divergencies.
After providing a constant default model with m(ω) = 1
we obtain a unique Bayesian reconstruction. Statistical
errors of the reconstruction are estimated by a binned
Jackknife procedure, where the reconstruction is carried
out ten times, each time removing another interval of
10% of the correlator measurements. The systematic un-
certainties, in particular the dependence on the choice of
default model are assessed by both varying its amplitude
over two orders of magnitude, as well as its functional
form asm(ω) = m0(ω−ωmin+1)ξ with ξ ∈ {0, 1,−1,−2}.
In addition we repeat the reconstruction after removing
10% of the small τ and/or large τ datapoints. The spec-
tral reconstructions for all available values of r/a ∈ [1, 17]
at high T = 1.4TC (Nτ = 20, top) and low T = 0.39TC
(Nτ = 72, bottom) temperature are shown in Fig. 1
2.
Note that for all spatial distances a well defined lowest
lying peak of skewed-Lorentzian type is found in the re-
constructed spectra, its tip being marked by a red circle.
As laid out in sec.II we fit the position and width of
the lowest lying peak of each reconstructed spectrum in
order to determine the values of the in-medium Re[V] and
Im[V] at the corresponding spatial separation distance.
Small values of r on the lattice are known to suffer from
finite lattice spacing artifacts, which we correct for using
the prescription of ref. [22] before plotting the values of
the in-medium potential in Fig. 2 as colored points.
In the top panel of Fig. 2 we show the values of Re[V]
manually shifted in y-direction for better readability as
indicated by the gray arrow. Statistical errors from the
ten-bin Jackknife are given as colored errorbars. The re-
duction of the number of available points in τ direction
when increasing the temperature in the fixed-scale ap-
proach leads to a growth of the systematic errors shown
as gray bands. Already from an inspection by eye we
find that the four top-most series of points below the de-
confinement temperature T β=6.1C = 290MeV show a clear
linear behavior at large distances and only at higher tem-
peratures a flattening off sets in. This behavior is rem-
iniscent of a first order phase transition, as expected in
SU(3) Yang-Mills in the thermodynamic limit, where the
2 Formally a lattice spectral function is composed of a finite num-
ber of discrete delta peaks. Their spacing at sufficiently large
physical volumes may however become fine enough to be re-
garded as continuous for the practical purpose of a spectral de-
termination and we did not find indications of their discreteness
impacting our reconstruction.
� � � � � �������
�����
�����
�
��
���
ω [���]
ρ(ω)[
��
�-�
]
SU(3) β=6.1 ξr=4 323×20
� � � � � �������
�����
�����
�
��
���
ω [���]
ρ(ω)[
��
�-�
]
SU(3) β=6.1 ξr=4 323×72
FIG. 1. Spectral reconstructions for the highest T = 1.4TC
(Nτ = 20) (top) and the lowest temperature T = 0.39TC
(Nτ = 76) (bottom) at all available spatial separation dis-
tances r/a ∈ [1, 17]. The lowest lying skewed-Lorentzian peak
encoding the values of the in-medium potential is marked with
a red circle.
Polyakov loop shows a non-analytic jump to finite values
as one crosses into the deconfined phase.
Consistent with this picture we also find that the val-
ues of the imaginary part we obtain are only significantly
non-zero above TC , as can be seen from the gray system-
atic errorbands. Even though the spectral reconstruction
with one particular choice of default model gives a finite
value of Im[V] at lower temperatures, varying m(ω) in-
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FIG. 2. Extracted values of the real (top) and imaginary
part (bottom) of the in-medium potential (colored points)
at β = 6.1. The values of Re[V] are shifted manually in y-
direction for better readability as indicated by the gray arrow.
The values of Im[V] are plotted individually as grid from low-
est temperature (top left box) to highest temperature (bot-
tom right box). The colored errorbars denote statistical un-
certainty from a ten-bin Jackknife, while the gray errorband
arises from varying both the default model and the τ interval
of the underlying correlators. The Gauss-law fit to Re[V] on
the top and the corresponding prediction of Im[V] on the bot-
tom are plotted as solid colored lines. The colored errorbands
arise from the uncertainty in the determination of the Debye
mass parameter mD.
duces change in the related spectral width, which goes far
beyond the statistical uncertainty there. At high tem-
perature we expect that the reconstruction of Im[V] is
reliable at small distances r ∼ 0.3fm and due to the rel-
atively small number of available underlying correlator
points however will quickly lead to an overestimation of
the actual value.
To more quantitatively describe the in-medium mod-
ification we continue to investigate Re[V] with the help
of the Gauss-law ansatz described in sec.II. As a first
step we need to determine the vacuum potential param-
eters, i.e. the strong coupling αS , the string tension σ
and the overall additive constant c. In absence of a true
T = 0 ensemble we use here the values from Nτ = 72
at T = 0.39TC , which in light of very similar behavior
of Re[V] below TC appears justified. Fitting the corre-
sponding Cornell potential form yields
αS = 0.272± 0.016, σ = 0.215± 0.003GeV2
c = 1.38± 0.014GeV (13)
with the errors obtained from varying the fitting range
by up to six steps at the upper and lower end of the
fitting interval. The fit result is shown as the top vio-
let curve on the top of Fig. 2. Once the parameters are
set, the Gauss-law ansatz contains only a single temper-
ature dependent parameter, the Debye mass mD, which
controls the in-medium modification of both Re[V] and
Im[V]. Adjusting mD we are able to retrace the data-
points obtained from the lattice, as indicated by the col-
ored solid lines in the top panel of Fig. 2. The agreement
with Re[V] is excellent at all r, while the agreement with
Im[V] is only satisfactory at high temperature and small
distances.
There are two factors that can contribute to the ob-
served differences in Im[V]. On the one hand the extrac-
tion of the thermal width underlying the value of Im[V]
is very challenging. Even though the position of spectral
peaks may be well constrained based on correlators along
Nτ ∈ [24..96] Euclidean points, previous studies suggest
[16] that the width may not yet have been captured sat-
isfactorily. While for the Maximum Entropy Method the
correct width is always approached from above the BR
method used here may underestimate the width when ap-
plied to a small number of available datapoints evaluated
at high precision. I.e. at small distances in r where the
signal to noise ratio is high, the reconstructed width may
even be smaller than the correct width, while with in-
creasing r and concurrent lowering of the signal to noise
ratio the width will become overestimated. Note that
the dependence of the reconstruction on the number of
available datapoints enters the systematic errorbands, in
which cuts of up to 10% of the correlator points from the
low and large τ regime are considered.
On the other hand the Gauss-law approach is based on
the assumption of a non-perturbative bound state im-
mersed in a weakly coupled plasma. As we could ex-
pect, around TC the values of ImV show sizable devia-
tions from the Gauss-law prediction, which is probably
6AC
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FIG. 3. Debye mass parameter of the heavy quark potential
for β = 6.1, describing its in-medium modification. The blue
points denote the extracted values for mD/T , while the red
curve corresponds to a fit based on HTL perturbation theory
amended by non-perturbative correction terms that allow for
the non-perturbative downward trend around TC . The tran-
sition temperature determined via the Polyakov loop is given
as a gray band. Complementarily we show the autocorrela-
tion time of the Wilson line correlators at r/as = 5.2 and
τ/aτ = 14 normalized to unity at its maximum value around
Nτ = 28.
related to the fact that the HTL permittivity is incapable
of capturing the relevant physics close to the transition.
The best fit values for mD, as well as the uncertainty in-
cluding the propagated errors from the estimation of the
vacuum parameters are given in Tab. II and plotted in
Fig. 3
Let us take a look the temperature dependence of
mD/T in Fig. 3. As expected from the naive inspec-
tion of Re[V] by eye, the Debye mass parameter takes
on non-zero values only above the phase transition lo-
cated at T β=6.1C = 290MeV. Between TC and 1.4TC , our
highest temperature, mD/T changes between mD/T ≈
0.5 . . . 1.5. This behavior is quite different from the one
of finite and almost constant mD below TC , we observed
previously on finer lattices with smaller volumes, which
will be discussed and its validity reassessed in the next
section IV. Instead Fig. 3 resembles at least qualitatively
the outcome of a study of the potential in dynamical
QCD with Nf = 2 + 1 flavors based on the ASQTAD
action at rather heavy pion masses of mpi = 300MeV.
I.e. as long as T/TC < m
lat
pi /TC and the quark degrees of
freedom are not yet thermally activated, such a similar
behavior of mD is fathomable.
The values of mD we find here are systematically lower
than those reported from fitting Yukawa-type ansaetze to
the large distance behavior of the color singlet free ener-
gies on the lattice [7]. Differences between the potential
and F (1) are discussed later in this section. Note also
as crosscheck for the scale setting that we have plotted
as gray dashed curve the normalized autocorrelations in
Monte-Carlo time of a representative Wilson line corre-
lator. Close to the phase transition we find a sharp peak,
whose position agrees with the value of the critical tem-
perature given in [21].
First we wish to quantify how strongly this lattice
mD differs from the predictions of pure resummed hard-
thermal loop perturbation theory, which by itself actu-
ally predicts an upward trend of the ratio mD/T when
approaching the transition temperature from above. A
comparison to a continuum computation is only mean-
ingful if a continuum extrapolation of the lattice data is
available, which even though it is work in progress has
not yet been completed. In the meantime we propose to
account for finite lattice spacing artifacts, i.e. the higher
transition temperature and a non-continuum string ten-
sion, by considering the following continuum corrected
Debye mass
mcont. corr.D (t = T/T
phys
C ) =
mD (t)√
σ(β)
√
σcont, (14)
where we use T physC = 0.271GeV and σcont = 0.173GeV.
The former corresponds to the continuum transition tem-
perature of SU(3) Yang-Mills theory and the latter is
obtained from a Cornell potential analysis of the Bot-
tomonium bound states as listed in the PDG.
Furthermore the authors of ref. [23] showed that in per-
turbation theory the Debye mass can be computed up to
leading order, including logarithmic correction up to next
to leading order. Beyond this point the magnetic sector
of QCD contributes non-perturbatively to the value of
mD, which we may attempt to capture by introducing
additional terms κ1 and κ2 that need to be determined
numerically
mfitD = Tg(µ)
√
Nc
3
+
Nf
6
LO
+
NcTg(µ)
2
4pi
log

√
Nc
3 +
Nf
6
g(µ)

NLO
+κ1 Tg(µ)
2 + κ2 Tg(µ)
3
non pert.
.
This formula reduces at high temperature to the well known HTL NLO result due to asymptotic freedom,
7T/TC 1.4 1.27 1.67 1.08 1. 0.93 0.88 0.78 0.39
mD [MeV] 603± 24 430± 42 367± 39 273± 72 150± 16 14± 8 0± 10 0± 8 0
TABLE II. Debye mass parameter extracted from the generalized Gauss-law fit to the in medium Re[V] at β = 6.1, ξb = 3.2108.
while at lower temperatures the presence of κ1 and κ2
allow for a deviation from the purely perturbative be-
havior. Thus the parameters κ1, κ2 should in principle
be extracted from the high temperature behavior of the
Debye mass, were the HTL expansion is expected to be
closest to the full physics.
Here we evaluate the above expression at the scale
µ = piT , using for the running of the coupling a four
loop computation of g(µ) with a ΛQCD = 0.2145GeV
[24] appropriate if the renormalization group flow is ini-
tiated at a scale with Nf = 5 active flavors. As shown by
the red solid line in Fig. 3 this fitting ansatz for the De-
bye mass allows us to reproduce our values of mD within
errors. We obtain finite values for the non-perturbative
parameters
κ1 = 1.97± 0.44, κ2 = −1.09± 0.26, (15)
which indicate that the behavior observed on the lattice,
in particular the downward trend towards T = TC re-
quires significant deviation from the purely perturbative
predictions. Note that our fit can contain significant sys-
tematic errors due to the fact that the HTL expansion
might not be a precise description of the plasma close to
TC .
Now that we have investigated the differences between
our values for the Debye mass parameter from the Gauss-
law ansatz and mD in resummed perturbation theory, we
proceed to a comparison with another popular definition
from the large distance behavior of the color singlet free
energies. The values reported in the literature based on
a fit of a Yukawa type ansatz are systematically larger
than what we observe. One reason for this discrepancy
lies in the quantitatively and qualitatively different be-
havior of Re[V] and F (1), as can been seen in Fig. 4.
The colored points denote the color singlet free energies,
while the solid lines correspond to the Gauss-law fit, with
which we reproduced our values for Re[V]. The gray er-
rorbands correspond to the systematic uncertainty of the
lattice Re[V] and are shown to better assess the system-
atic uncertainty in the fit.
It is known that at T = 0 the color singlet free ener-
gies agree with the purely real vacuum potential, in par-
ticular they show the same string tension. Consistently
with what has been reported in the literature (also for
dynamical QCD [25]) we find that at finite temperature
but below the deconfinement transition, F (1) actually ex-
hibits a stronger string tension than in vacuum. From
the point of view of static inter-quark interactions this is
counterintuitive, since thermal fluctuations are expected
to at most weaken the binding properties, if they influ-
ence them at all. Therefore one might need to reconsider
in how far F (1) can help us to quantitatively shed light
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FIG. 4. Comparison of the color singlet free energies (colored
dots) to the analytic parametrization of the in-medium heavy
quark potential (solid lines). The values are shifted by hand
in y for better readability, as indicated by the gray arrow.
The gray errorbands represent the systematic errors of the
lattice values of Re[V] and are shown to better assess the
uncertainties of its Gauss-law parametrization.
on the in-medium modification of static quark binding in
medium.
Around TC , F
(1) then seems to transition to a screened
behavior much more quickly than Re[V] and only at high
temperatures T ≈ 1.5TC the two begin to approach each
other again, with F (1) < Re[V] systematically. If we had
carried out a determination of the Debye mass parame-
ter using the color singlet free energies, we would have
started off at low temperatures from a larger than vac-
uum string tension and would have observed a stronger
apparent screening shortly above TC , both factors lead-
ing to a larger value of a screening mass around the phase
transition extracted in that way.
Note that the proper in-medium potential Re[V] on the
other hand never shows a stronger than vacuum string
tension below TC , in fact it seems to be rather unaffected
by thermal fluctuations below TC . This is expected from
the fact that the only color neutral objects capable of
disturbing the string between the static quarks are glue-
balls, which due to their large mass are highly suppressed
at the temperatures simulated here.
Interestingly studies of dimensionally reduced QCD
(EQCD) have also found that the electric screening lies
far above the perturbative values [26]. Since such compu-
tations are expected to be valid at T  TC , we can only
compare them to an extrapolation of our fit, as shown
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FIG. 5. Extrapolation to high T  TC of our fits to the De-
bye mass (red, solid) for two different choices of scale setting,
i.e. µ = piT and µEQCD = 4e
−γE−1/22piT used in the EQCD
study ref. [26]. While the fits are both able to reproduce
our values of mD/T close to TC a sizable uncertainty in ex-
trapolating to higher temperatures exists denoted by the red
errorband. We find that for T  TC the fits lie systematically
above the values obtained from fitting mD/T from the color
singlet energies (orange dashed) from ref. [7]. When using
the same scale µEQCD as in the EQCD study, our extrapola-
tion seems to become compatible to their values from around
T > 16GeV. The pure HTL behavior is given as green dashed
curve.
in Fig. 5. Using the scale µ = piT , the high tempera-
ture extrapolation remains below the values obtained for
EQCD, however when using a fit based on the same scale
µEQCD = 4e
−γE−1/22piT , where γE denotes Euler’s con-
stant, we find that the large T behavior becomes com-
patible above T = 16GeV. On the other hand µEQCD
corresponds to a rather large choice, since from ther-
modynamics one would expect the characteristic scale of
two-particle interactions to be 2 · 32T = 3T ≈ piT . Cor-
respondingly the fit values for the κ parameters in that
case also become unnaturally large κ
µEQCD
1 = 4.8 ± 1.1
and κ
µEQCD
2 = −3.2 ± 0.7. We are reminded that an
evaluation of the Debye mass parameter at high temper-
atures is urgently needed to reduce the uncertainty from
extrapolations.
As last point of our investigation of the β = 6.1 en-
sembles we turn to the effective coupling, defined as
αeff(r, T ) = r
2∂rRe[V](r,T), (16)
which allows us to e.g. determine the residual influence
of the vacuum string tension at finite temperature. In a
purely Coulombic potential αeff would be constant and
reproduce αS . In the presence of a running coupling, at
small distances a deviation from a constant would be ob-
served. On the other hand, for a confining potential αeff
T=113MeV
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T=338MeV
T=369MeV
T=406MeV
��� ��� ��� ��� ��� ��� ������
���
���
���
���
���
� [� ]
α ��� SU(3) β=6.1ξr=4 Ns=32
FIG. 6. Effective coupling αeff from the derivative of the real
part of the potential αeff = r
2∂rRe[V]. For the values shown
here the Gauss-law fit is used to compute the derivative. We
see that the residual influence of the confining potential al-
ready sets in at r ≈ 0.2fm and remains visible even at the
highest temperature investigated.
exhibits a quadratic behavior. Screening, i.e. a flattening
off of the potential in turn leads to a vanishing of the
effective coupling. In Fig. 6 we show its values computed
from taking the derivative of the corresponding Gauss-
law fit to Re[V] down to the smallest available distance
on the lattice r ≈ 0.1fm.
We find that at small r, αeff approaches αS , while it has
not yet asymptoted to a constant value. In the absence
of a running coupling in the Gauss-law ansatz, the rea-
son lies in that the linear confining rise and its remnants
at T > 0 still contributing to αeff even at r ≈ 0.1fm.
Below TC we find a quadratic rise at larger distances
and as expected from the confining nature of the poten-
tial. It is only in the deconfined phase that a turnover
point appears, due to the onset of screening. This is fully
consistent with the values of the Debye mass parameter
extracted above and in particular reiterates that Re[V]
never shows a stronger string tension than in vacuum.
IV. FINTE VOLUME ARTIFACTS ON β = 7
LATTICES AT L = 1.25fm
In this section we return to a parameter set we had pre-
viously used to study the in-medium modification of the
inter-quark potential [9, 13] and which has been deployed
in the literature e.g. for the direct extraction of Charmo-
nium spectral functions from current-current correlators
[27]. For these anisotropic lattices we have β = 7 and
a bare anisotropy of χb = 3.5, which lead to a physical
9SU(3): Nτ 24 32 40 48 56 60 64 68 72 80 96 192
T [MeV] 839 629 503 419 360 335 315 296 280 252 210 105
T/TC 3.11 2.33 1.86 1.55 1.33 1.24 1.17 1.10 1.04 0.93 0.78 0.39
Nmeas 3270 2030 1940 1110 1410 2420 1530 2190 860 1190 1800 900
TABLE III. Quenched lattice ensembles at β = 7, ξb = 3.5, Ns = 32 corresponding to a physical a = 0.039fm and L = 1.25fm.
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FIG. 7. Spectral reconstructions for two of the new ensembles
at Nτ = 60 (left) and Nτ = 68 (right).
lattice spacing of as = 0.039 = 4aτ according to [27].
Similar to the choice in the literature Ns = 32 points
along the spatial axes, i.e. a box size of L = 1.25fm is
deployed here. What we will argue in the following is
that this small box size and the correspondingly high in-
frared cutoff introduce an artificial screening behavior in
the real-part of the in-medium potential, which even per-
sists at low temperatures and in turn impedes also the
determination of the physical lattice spacing using e.g.
the Sommer scale related to the T = 0 string tension.
The temperatures around the deconfinement transi-
tion T β=7C = 270(10)MeV are probed in the range T =
3.11 − 0.78TC corresponding to Nτ = 24 − 96. For the
low temperature reference at T = 0.39TC we simulated
lattices with Nτ = 192. In addition to the previously an-
alyzed ensembles from Refs. [9, 19] we both add here two
high statistics ones close to TC at Nτ = 60 and Nτ = 68,
i.e. T = 1.24TC and T = 1.10TC respectively and replace
the previous configurations at Nτ = 64 with a larger
number of newly generated ones. In particular we have
made sure that these new ensembles are well thermalized
with a long burn in period of 120000 sweeps. A summary
is provided in Tab. III.
Compared to the coarser lattices of sec.III, the naive
UV cutoff
√
3pi/as corresponds to ΛUV = 27.5GeV,
while the IR cutoff takes on a relatively large value of
ΛIR = 0.992GeV. Already at this point we would like
to point out that this value of ΛIR is much larger than
any temperature investigated here, as well as the intrinsic
scale of QCD ΛQCD/ΛIR  1 that controls the physics of
confinement. It is known that the effects of an infrared
cutoff manifest themselves in both an artificial mass for
the dynamical degrees of freedom in a simulation, as well
as in the complete absence of modes with wavelength
larger than its inverse. This fact has to be kept in mind
when interpreting and assessing the outcome of the po-
tential extraction.
Similar to the coarser lattices we fix iteratively to
Coulomb gauge with tolerance ∆GF = 10
−15 before mea-
suring the Wilson line correlators along the spatial axes,
as well as the
√
2 and
√
3 diagonals for all possible sep-
arations in Euclidean time direction. These datasets,
excluding the first τ = 0 and last τ = β point are
fed to the spectral reconstruction code based on the BR
method. In contrast to the previous analysis carried out
in [9, 19], we choose the numerical frequency range here
equal to the one deployed for the coarser lattices, i.e.
ωnum ∈ [−5, 5] and reanalyze all available datasets for
consistency. No significant deviation between the previ-
ous reconstructions has been found. In Fig. 7 we show
two representative sets of Bayesian spectra for all con-
sidered values of r on the newly generated ensembles at
Nτ = 60 (top) and Nτ = 68 (bottom). The tip of each
of the well pronounced lowest lying peaks is marked by a
red circle. Its position and width yields the values of the
in-medium potential, which is plotted as colored points
in Fig. 8.
We have shifted the values of Re[V] by hand for better
readability in the top panel of Fig. 8 as indicated by the
gray arrow and plot the statistical errors as colored bars.
The systematic errors denoted by the gray errorbands
have been determined only for part of the ensembles,
in particular however among the newly generated ones
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FIG. 8. Extracted values of the real (top) and imaginary
part (bottom) of the in-medium potential (colored points) at
β = 7. The values of Re[V] are shifted manually in y-direction
for better readability as indicated by the gray arrow. The
values of Im[V] are plotted individually as grid from lowest
temperature (top left box) to highest temperature (bottom
right box). The colored errorbars denote statistical, while the
gray errorband systematic uncertainty.
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FIG. 9. Debye mass parameter of the heavy quark potential
for β = 7, describing its in-medium modification. The blue
points denote the extracted values for mD/T , while the red
curve corresponds to a fit based on HTL perturbation theory
amended by non-perturbative correction terms. The transi-
tion temperature determined via the Polyakov loop is given
as a gray band. Complementarily we show the autocorrela-
tion time of the Wilson line correlators at r/as = 5.2 and
τ/aτ = 14 normalized to unity at its maximum value around
Nτ = 68.
Nτ = 60, 64, and 68. We use the variation from changing
the default model amplitude by two orders of magnitude,
as well as discarding 10% of the small τ and/or 10% of
the large τ ≈ β datapoints as an estimate.
Just as in the previous analysis we find that there ap-
pears to exist only a gradual change in behavior of Re[V]
with increasing temperature. Due to limited statistics in
the older analysis, Nτ = 64 seemed to exhibit an anoma-
lously strong linear rise. This effect has vanished after
increasing statistics and the slope at Nτ = 64 now lies
within the trend of neighboring Nτ = 60 and Nτ = 72.
On the other hand, it is now Nτ = 68, which is found
to show an almost a vacuum like linear rise. The reason
for this outlier however lies in the fact that the Nτ = 68
simulations show extremely long autocorrelation times
in Monte-Carlo time. In turn even after collecting more
than 2100 measurements on individual configuration, the
actual statistics are reduced by around a factor ten to
one hundred, making this result rather unreliable. In-
terestingly this issue does not lead to an increase in the
systematic errorbars compared to e.g. Nτ = 64.
For the sake of completeness we continue towards per-
forming the Gauss-law fit by determining first the vac-
uum parameters that enter into this ansatz from the low-
est temperature result at Nτ = 192. Restricting to the
region of r < 0.3fm we obtain
αS = 0.201± 0.004, σ = 0.186± 0.008GeV2
c = 2.58± 0.01GeV (17)
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where the errors are again estimated from a variation of
the upper and lower end of the fitting range by six steps
each. These agree within errors with our previous values
published in [19]. The Debye mass parameter we find
to fit the in-medium values of Re[V] at β = 7 best are
compiled in Tab. IV and plotted in Fig. 9. In addition
we also perform a fit to the extracted values based on
Eq.(15), which yields as best fit parameters
κ1 = −0.67± 0.06, κ2 = 0.34± 0.06 (18)
and which is plotted as solid line in Fig. 9. The uncer-
tainties in the κ values arise from the error in estimating
mD itself.
Let us discuss in detail the temperature dependence of
the Debye mass parameter in Fig. 9. It significantly dif-
fers from the two qualitatively similar results we obtained
on the coarser lattices at β = 6.1 presented in sec.III, as
well as in dynamical Nf = 2 + 1 QCD with heavy pi-
ons. Instead of decreasing in value towards zero below
the phase transition mD here appears to become con-
stant within the relatively large errors. I.e. for mD/T an
upward trend ensues towards lower temperatures. The
only exception is the single outlier at Nτ = 68, which
shows essentially vanishing Debye mass. Deceptively, the
comparatively small values of κ1 and κ2 if taken at face
value would suggest that the behavior found here would
actually resemble the predictions from HTL perturbation
theory.
After generating and analyzing the three new ensem-
bles for β = 7, we believe that this is not the case and
instead the finite box size has rendered our results close
to and below TC unreliable. By that we mean the follow-
ing: it is known that the presence of an infrared cutoff,
which estimated naively here with ΛIR = 0.992GeV takes
on a comparatively large value, can lead to artifacts in
numerical simulations that mimic the effects of a mass
for the dynamical degrees of freedom. As an example let
us see how in resummed perturbation theory the values
of Re[V] react to the introduction of spherical cutoffs
Re[VHTL](r) = −
∫ ΛUV
ΛIR
dk
4pi
(2pi)3
k2
k2 + m2D
( sin[kr]
kr
− 1).
(19)
In Fig. 10 we show the above formula evaluated for a
arbitrary choice of mD = 0.05GeV and a ΛUV = ∞.
And indeed the main effect that a finite ΛIR results in
is a flattening off of Re[V] at earlier distances (dashed
lines) than in the thermodynamic limit (solid line), which
mimics to a certain degree physical screening. Thus we
learn that a too small box can lead to behavior similar
to the presence of an unnaturally large Debye mass.
It is in light of this fact that we now reassess the be-
havior of Re[V] in Fig. 8 and mD in Fig. 9. While at
higher temperatures the comparatively large Debye mass
acts as physical cutoff itself, it at some point will become
smaller than the artificial mass introduced by ΛIR when
approaching the phase transition from above. At that
point the apparent screening mass of the potential will
ΛIR=0 ΛIR=0.5GeV
ΛIR=1GeV ΛIR=1.5GeV
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FIG. 10. The real-part of the in-medium potential in re-
summed hard-thermal loop perturbation theory in the ab-
sence (solid curve) and presence of an infrared cutoff (dashed
curves).
become constant as it is dominated by the effects of the
small box. It is exactly such a constant behavior of the
Debye mass around TC within statistical errors which we
find here3.
We believe that the large infrared cutoff has further-
more impeded the setting of the physical scale and thus
the determination of the transition temperature for these
lattices. If the Sommer scale is used to determine as in
physical units, one needs to identify the string tension
of the T = 0 potential to its physical values obtained
from a potential model analysis. If however even at low
temperatures an artificial screening is present in the sys-
tem this identification will lead to an incorrect assign-
ment. An indication of a possible mismatch of scales
lies in that the maximum of the normalized autocorre-
lation time in the Wilson line correlators occurs here at
Nτ = 68, which however is identified with a temperature
around 10% above TC . In case of β = 6.1, where a reli-
able high precision scale setting was available, TC and the
maximum in autocorrelation time consistently agreed.
We therefore believe that it is paramount to repeat
the scale setting procedure for the β = 7 parameter set
using lattices with at least twice physical axis length in
spatial direction, which is work in progress. In particular
if we wish to reliably investigate the continuum limit of
the potential, for which the β = 7 parameter set was
originally destined, we have to take make sure to remain
safely close to the thermodynamic limit.
3 The fact that Nτ = 68 does not follow this behavior is proba-
bly related to the long autocorrelation times occurring at this
number of axis points, which deteriorates the reliability of the
spectral reconstruction
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T/TC 3.11 2.33 1.86 1.55 1.33 1.24 1.17 1.10 1.04 0.93 0.78 0.39
mD[MeV] 800±45 664±53 496± 100 489±48 442±41 298±32 281±42 ≈ 0 325±64 403±46 330±63 0
TABLE IV. Debye masses extracted from the generalized Gauss-law fit to the in medium Re[V] at β = 7, ξb = 3.5.
V. CONCLUSION
We have presented both a new analysis of the in-
medium inter-quark potential in quenched QCD on en-
sembles closer to the thermodynamic limit, as well as a
reassessment of our previous findings on finer but smaller
lattices.
On the lattices with larger physical volume β = 6.1
we find a distinct behavior of Re[V] below and above
the critical temperature. In the confined phase we see
essentially no modification of the potential, in particu-
lar the string tension of the linear confining rise remains
unaffected by thermal fluctuations. Just above decon-
finement on the other hand a clear flattening off of the
real-part can be observed, a sign of screening due to lib-
erated color degrees of freedom. Consistently the values
of the imaginary part, after taking systematic uncertain-
ties into account, also only show values away from zero
at T > TC .
When deploying the Gauss-law ansatz to quantita-
tively investigate the in-medium modification of the po-
tential, we find that the lattice extracted values of Re[V]
are well reproduced by an analytic fit that depends only
on a single temperature dependent parameter mD. The
values of mD reflect the qualitative behavior of Re[V]
in that they vanish below TC , appear to jump to a finite
value at TC and continue to rise above. From an attempt
to fit the temperature dependence of mD/T with a HTL
inspired fitting formula, we learned that the downward
trend in mD/T as one approaches the transition from
above is a clear sign of non-perturbative physics, devi-
ating from the purely perturbative predictions of HTL.
A determination of mD/T at high temperatures should
be attempted in order to ascertain, whether it actually
continues to rise and eventually becomes compatible to
the values extracted from EQCD effective field theory.
In order to consistently connect to continuum compu-
tations, the lattice results need to be extrapolated to van-
ishing lattice spacing. While our initial intent was to do
so by using the results from β = 7 lattices at Ns = 32, our
reassessment of the obtained results hints at the presence
of significant finite volume artifacts entering the com-
puted potential values. In particular we interpret the
fact that one observes on these lattices a nearly constant
mD from shortly above TC to far into the confined phase
as a sign that the infrared cutoff ΛIR has overwhelmed
the dynamics at that point. We will therefore need to
repeat the potential extraction at a comparable physical
volume as used for the coarser lattices considered, corre-
sponding to Ns = 80 at least. Additional inconsistencies
in the assignment of the critical temperature and the oc-
currence of maximum Monte-Carlo autocorrelation times
hints at the necessity to actually carry out the scale set-
ting for this parameter set anew, which is planned to be
undertaken soon.
Interestingly the behavior of mD found at β = 6.1
is quite similar to that found in a study in dynamical
QCD with Nf = 2 + 1 dynamical quark flavors based
on the ASQTAD action. It is the heavy pion mass
mpi ≈ 300MeV, which in that case partially prevents
the thermal activation of light quark degrees of free-
dom, leading to a qualitatively close outcome. For lighter
quark degrees of freedom we expect that in the transition
region around the pseudocritical temperature the onset
of screening will proceed more softly than observed here.
In order to determine the Debye mass parameter for use
in phenomenology applications to heavy-ion collisions it
is therefore paramount to proceed with the extraction of
the potential also on current generation ensembles, where
the pion masses take on almost physical values.
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